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1 Introduction
In games like Prisoner’s Dilemma and the Public
Goods game, defection is theoretically the dom-
inant strategy. Therefore, it is hard to sustain
cooperation1, 2 in the classical repeated Prisoner’s
Dilemma game in a well-mixed population. This
is often at odds with reality where cooperation is
ubiquitous, and thus understanding the emergence
and persistence of altruistic behaviour in this set-
ting poses an interesting challenge. Evolutionary
Game Theory provides a mathematical framework
to explore this problem. Previous work on the
topic3, 6 has focused on spatial reciprocity4, 5 and
nearest neighbour interactions among agents. The
relevant results have been summarized in Figure 1.
These are reproduced from the paper by C. Hauert
and G. Szabó.3

In other related works, incentivisation such as
social rewarding7–10 and punishment,11–14 is seen
to be an effective method to promote coopera-
tion. Other mechanisms like memory effect among
agents,15 incomplete information,16 external forc-
ing17 have proven effecitve. The aspect of public
information is relatively unexplored and extremely
relevant in such systems since the end-goal is to
promote collective good.

The aim of this project is to understand the ef-
fect of public information18 and reputation19 in
finitely repeated spatial games (mainly Prisoner’s
Dilemma). In Section 2, three new models are pro-
posed - Pdist, fcT and Rep. Results are shown and
discussed in Section 3. Section 4 explores in brief,
an application of one of the models on a real-world
problem. Further details about the models and re-
sults are listed in Appendix A

(a) (b)

(c) (d)

Figure 1: (a) The payoff matrix for Prisoner’s Dilemma
Game. r is the cost to benefit ratio. (b) fC vs r plot for
repeated prisoner’s dilemma on a regular lattice network.
fC vanishes around x ≈ 0.02 (c) fC vs r plot for repeated
prisoner’s dilemma on a smallworld network. fC vanishes
around x ≈ 0.03 (d) fC vs r plot for repeated prisoner’s
dilemma on a scalefree network. fC vanishes around x ≈ 0.3

2 Models

Three models have been introduces as mecha-
nisms to understand and enhance cooperation
among agents playing the Prisoner’s Dilemma
game on different network topologies (Regular
Lattice, Scalefree, Small-World). Each node rep-
resents an agent and each agent has two actions
(strategies) - Cooperation and Defection.

Every iteration (Monte Carlo Step) of the game
allows, on an average, one agent (agent i) to up-
date its strategy. The rule of updation depends on
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the model being used. If the agents update their
strategies by imitating a randomly chosen nearest
neighbour (agent j) with a Fermi-Dirac like transi-
tion probability function (eq 1) depending on the
difference in payoffs (as seen in the existing litera-
ture),20

W (si ← sj) =
1

1 + exp[(pi − pj)/k]
(1)

we get the results shown in Figure 1 (replicated
results from3). pi is the payoff of agent i in the
current round and k is the noise parameter (here,
taken to be 0.1). It can be observed that cooperation
in the system dies out for low values of parameter
r (ratio of cost to benefit of cooperation).

2.1 Probability Distribution Model (PDist)

Instead of assigning strategies to agents at the start
of the game, we assign for each agent, a probabil-
ity of adoption to each strategy. At each time step
(MCS) all agents update this probability distribu-
tion (one by one).

For agent i, the probabiliity of adopting strategy
s at time step t (P s

t (i)) is given by equation 2, where
s is the strategy that was adopted in the previous
timestep. ∆P can take a range of values, both pos-
itive and negative (see A.1)

P s
t (i) = P s

t−1(i) + ∆P

P−st (i) = P s
t (i)

(2)

In this model, the focal agent increases the prob-
ability of adoption of the curent strategy (s) if the
payoff is greater than the average payoff in the
agent’s local neighbourhood.

2.2 fc-Threshold Model (fcT)

To introduce public information to the system, we
consider fC - the fraction of cooperators in the pop-
ulation. If this information is available to the fo-
cal agent (this event occurs with probability PfC ),
then the updated probability distribution depends
on the difference between fC and the focal agent’s
personal thresholdfC (∈ [0, 1]).

PC
t = PC

t−1(2− PC
t−1)

a

PD
t = 1− PC

t

(3)

where a = (fC− thresholdfC) if fC > thresholdfC

and 0 otherwise.

If the focal agent does not have access to fC,
then the current strategy (s) is updated according
to equation 4. a′ depends on pi − pavg (see A.2 for
more details).

P s
t = P s

t−1(2− P s
t−1)

a′

P−st = 1− P s
t

(4)

Here, the parameter PfC is a measure of the avail-
ablility of public information and the parameter
thresholdfC (which is a randomly chosen value be-
tween [0,1]) indicates the ”tendency” of the agent
to use that information. This structure tries to
model external influence and personal biases sepa-
rately. The availibility of external information pro-
motes cooperation as the knowledge of fC gives an
indication of how safe it is to cooperate, given that
defection is the dominant strategy and cooperation
is the risky one from a rational agent’s perspective.

2.3 Reputation Model (Rep)

This model introduces reputation as a social re-
ward mechanism. Every agent has a reputation
value (∈ [0, 1]) that increases every time the agent
chooses to cooperate (see A.3). At each timestep,
the focal agent (randomly chosen) will imitate a
nearest neighbour based on either the difference in
payoffs (the original imitaiton model) or the differ-
ence in reputations. The parameter p decides the
probability of choosing imitation based on reputa-
tions.

Public information is in the form of fR - the frac-
tion of population with a reputation above 0.9. All
agents have access to this information. Similar to
the fcT model, each agent has a ”tendency” to use
the information denoted by thresholdfR . If fR is gr-
erater than this personal threshold, then the transi-
tion probabililty can be given by equation 5.

PC
t =

1

1 + exp[−reputationself/kr1 ]

PD
t = 1− PC

t

(5)

If fR is less than the personal threshold, then the
agent resorts to local neighbourhood information
(see Figure 2). It will pick the agent with maximum
reputation and imitate its strategy with transition
probability (eq 6).

W (si ← sj) =
1

1 + exp[difference/kr2 ]
(6)
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Focal agent chosen at random

Payoff-based Imitation Reputation-based Imitation

1-p p

Imitate a randomly
chosen neighbour based
on difference in payoffs

Coordinate with a transition proba-
bility that depends on reputationself

fR≥ thresholdfR

Imitate the neighbour with maximum
reputation with a probability that de-
pends on the difference in reputations

fR< thresholdfR

Figure 2: Flowchart for model Rep

difference = reputationself − reputationmax

Therefore, if the maximum reputation
(reputationmax) in the focal agent’s neighbourhood
is greater than the focal’s reputation (reputationself)
then the probability of imitating that agent is high.
Since reputation is an indication of how much an
agent has cooperated in the past, it makes sense to
”trust” that agent and imitate its strategy (sj).

3 Results

All three models (PDist, fcT and Rep) enhance co-
operation among agents. Figure 3 summarises the
results for all the models discussed in the last sec-
tion. We vary the parameter r across a range and
observe if cooperative behaviour persists.

For model PDist (3a, 3b and 3c), we can see
that a low fraction of cooperators survives for even
large values of r. For values of parameter ∆Pmax
greater than 0.05, fC vanishes at low r. For scale-
free networks, a higher fraction survives. A possi-
ble reason for higher values of fC at lower values of
∆Pmax may be that for small increments or decre-
ments in the probability distribution allow the sys-
tem to reach an equilibrium.

Model fcT (3d, 3e, 3f) shows a drastic increase in
the equilibrium value of fC. For values of param-
eter PfC > 0.7, fC is very close to 1 and stays that
way for high values of r. To see the effect of pub-
lic information, we can compare the blue curves
(PfC = 0) with the rest.

Results for model Rep show that increase in
probability of choosing reputation-based imitaiton

(p) leads to an increase in fC. 3g, 3h and 3i do not
have any factor of public information. On choosing
reputation-based imitation, the focal agent simply
looks at its nearest neighbours. 3j, 3k and 3l show
the effect of public information for a fixed value of
p = 0.3.

The last row in Figure 3 shows how reputation of
all the agents evolves with time. For p = 0, the val-
ues are spread out and have a lower average. For
higher values of p, all the agents reach a reputation
very close to 1. In general, we observe that intro-
duction of a reward mechanism (reputation) and
public information (in models fcT and Rep) pro-
motes cooperation among agents.

4 Application in Opinion Dynamics

Social dilemma games like Prisoner’s Dilemma
and Public Goods game are inherently asymmet-
ric in that one of the possible strategies is clearly
more benefecial for the collective good. In opinion
dynamics models (using EGT), the strategies (opin-
ions) have an equal footing. By modifying the Rep
model, we try to model the effect of public informa-
tion and reputation on populations of agents that
can choose between two opinions (A and B).

A randomly chosen focal agent, in each timestep,
will imitate a nearest neighbour either based on the
difference in payoffs or depending on the parame-
ter x (eq 7). Imitation based on payoffs should pro-
mote the formation of clusters of agents with the
same strategy (similar to what we see in3). Reputa-
tion increases in magnitude if an agent adopts the
same strategy (sticks to it). It is a reward mecha-
nism that favours one strategy over the other de-
pending on the history of the focal agent. Repu-
tation values range from −1 to 1. Negative values
correspond to strategy B and positive to startegy
A. See appendix A.4 for details about the transition
function and how it depends on x. s and o are the
reputations of the focal agent and the agent chosen
for imitation respectively.

x = sign(s.o)
∣∣∣o
s

∣∣∣ (7)

Public information in this model is the fraction of
agents with reputation above 0.9 (case I - fR(A)) or
below−0.9 (case II - fR(B)).To observe the effect of
public information, we introduce a new parameter
PA which is the probability of agents having access
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure 3: Row 1: Model PDist, Row 2: Model fcT, Row 3: Model Rep (varying parameter p), Row 4: Model Rep (effect of public
information fR), Row 5: Evolution of agent reputations with time (for scalefree network). All plots are generated by averaging
over 100 runs on a population size of 100 agents. For smallworld networks, Q = 0.6. Note that due to technological and time
constraints, 3j and 3k have been run 10 and 35 times respectively.
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to fR(A). Agents who do not have access to it have
access to fR(B) (see Figure 4). This parameter is
a loose indicator of how well an opinion has been
advertised to the masses i.e. the ”popularity” of a
strategy in the population. We vary this parameter
to see how knowing about a strategy’s popularity
in the population affects the fraction of agents that
adopt it in equilibrium.

Once the focal agent has access to this informa-
tion, it will adopt the next strategy based on its per-
sonal threshold (similar to the one in model Rep,
see A.4) and the sign of its reputation (startegy A
if positive, B if negative). The higher the personal
threshold, the higher is the probability of adopting
the strategy.

The results for simulations on a regular lattice
and a scalefree network are given in Figure 5. The
flat orange line indicates that without public in-
formation playing a role, the effects of social re-
ward mechanisms like reputation cancel out and
we get equal number of agents adopting each strat-
egy. Variation in the parameter PA shows that with
increase in public knowledge of a startegy, agents
are more likely to adopt that strategy in the partic-
ular case where both the strategies are equal other-
wise.

Focal agent chosen at random

Payoff-based
Imitation

Reputation-
based Imitation

1-p p

Imitate a randomly
chosen neighbour based
on difference in payoffs

Get access to public
information fRB

Get access to public
information fRA

Adopt strategy A
based on the value

of personal threshold

Adopt strategy B
based on the value

of personal threshold
Imitate the neighbour with
maximum reputation with
a probability that depends
on the ratio of reputations

PfA 1− PfA

fR < thresholdfR

Figure 4: Flowchart and payoff matrix for the opinion dy-
namics model. An agent gets positive payoff for interactions
with same strategy neighbours. This may lead to formation of
clusters.

(a)

(b)

Figure 5: (a) Network: Lattice. Low values of PA means that
public information (fR) related to strategy B is more likely to
be used by the agents. High values of PA show a very signif-
icant increase in the fraction of population adopting strategy
A. (b) Network: Scalefree.

5 Conclusion

In this project, three new models that promote
the emergence and persistence of cooperation in a
structured population were explored. The effect of
reputation as a social reward mechanism and pub-
lic information as a trust mechanism on networked
populations was observed. There was a significant
increase in the equilibrium values of fC in all the
models. We applied one of the models (Rep) to a
real-world situation. It was observed that increase
in popularity of an opinion and its effective dis-
semination among the agents increases the fraction
of agents that adopt that strategy (under equilib-
rium conditions). Further work on the topic can
test how clusters are formed in the population and
how the fraction of agents adopting a particular
strategy would change with time.
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A Appendix

A.1 Model PDist

For the PDist model, ∆P varies as a function of the
difference between the focal agent’s payoff and the
average nearest neighbor payoff, pavg. The value of
kpd for all the simulations is taken to be 1.5.

∆P = ∆Pmax

[
2

1 + exp[(pi − pavg)/kpd]
− 1

]
(8)

A.2 Model fcT

When the focal agent does not have access to public
information (fC) then it has to use local information
i.e. nearest neighbour payoffs. In equation 4, a′ is
given by

a′ =


a′max

1 + exp[pi − pavg/kfC ]
pi > pavg

0 pi ≤ pavg

(9)

pavg is the average nearest neighbour payoff. The
value of a′ and subsequently P s

t is high if the differ-
ence in the focal agent’s payoff and pavg is high. For
all the simulations, the parameter values are taken
to be as follows: a′max = 0.2, kfc = 1.5.

A.3 Model Rep

We use the usual Fermi-Dirac like probability func-
tion for this model. Updates based on public in-
formation take into account the reputation of the
agent so that agents with a history of cooperation
keep cooperating in the future. Updates based on
local information take into account the difference
in reputation as agents are likely to be influenced
by their nearest neighbours, especially by those
who have a higher reputation.

Every time an agent chooses to cooperate, its
reputation is increased. Reputation before and af-
ter increase are denoted by repi and repf .

repf = repi(2− repi) (10)

For all the simulations, the parameter values are
taken to be as follows: kr1 = 0.25, kr2 = 0.05, k =
0.1 (for payoff-based imitation).

(a)

(b) (c)

Figure 6: (a) Shows PC
t before and after updation. The

curves are for different values of (fC−thresholdfC ). (b) show
how PC

t evolves in the absence of public information. (c) is
the variation of factor a′ with the difference in payoffs.

A.4 Opinion Dynamics Model (Futher De-
tails)

The transition probability function for imitation
based on reputation is given by equation 11.

W (si ← sj) =


1

1 + exp[0.5-x/kop1 ]
x ≥ 0

0.9

1 + exp[x+5/kop2 ]
x < 0

(11)

We choose this particular functional form be-
cause it satisfies the following conditions -

1. Reaches maximum at +1: this is so that any
agent that encounters another agent with sim-
ilar reputation will imitate it with a high prob-
ability.

2. Value at−1 is very low: this is so that the prob-
ability of imitating an agent with reputation
equal in magnitude but opposite in sign is neg-
ligible

3. Probability is high for large negative val-
ues: this is to model the influence of high-
reputation agents on low reputation individ-
uals with an opposite sign
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Figure 7: The graph shows the value of reputation before
and after updation. It starts at 0 and tapers off near 1. The
initial reputation for all agents is set to be 0.05

If the updation of strategy is based in public in-
formation (i.e. if fR is greater than the personal
threshold), then the probability of adopting a given
strategy is given by equation 12.

P s
t =

1

1 + exp[−thresholdfR/kop3 ]

P−st = 1− P s
t

(12)

In the above equation, s is A if the focal agent’s
reputation is positive and B if it is negative. For all
the simulations, the parameter values are taken to
be as follows: kop1 = 0.1, kop2 = 1, kop3 = 0.25.
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